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In this paper, a technique for the concrete construction of compactly supported
2Ž n.biorthogonal wavelet bases of L R is given. This technique does not depend on
the dimension n, and it gives rise to non-separable multidimensional wavelet bases.
Of special interest is the study of the stability of the constructed wavelet frames. It
is assumed that the dilation matrices associated with the wavelet bases are given by
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1. INTRODUCTION
Our objective in this work is to provide the reader with a relatively easy
Ž .method for the constructing n-D n-dimensional nonseparable biorthogo-
nal wavelets. We shall mention that an n-D biorthogonal wavelet basis of
2 n i ˜ i nŽ .L R is a Riesz basis given by a set of functions  ,  , i 1, 2  1,jk jk
derived from 2 n  1 mother wavelets through the equalities
i jn2 i j ˜ i jn2 ˜ i j  2  2 x k ,   2  2 x k ,Ž . Ž .jk jk
j Z, k Z n . 1.1Ž .
2Ž n.Under these notations, any function f L R is written in the form
2 n1 2 n1
i i i i˜ ˜² : ² :f x  f ,  x  f ,  x .Ž . Ž . Ž .Ý Ý Ý Ýjk jk jk jk
n ni1 i1jZ , kZ jZ , kZ
1.2Ž .
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² :Here, the scalar product  ,  is given by
² i : if ,  f x  x dx.Ž . Ž .Hjk jk
nR
The construction of nonseparable and compactly supported multidimen-
 sional wavelets is a difficult problem to solve, in general 13 . However, it is
well known that the design of nonseparable bidimensional or even higher
   dimensional biorthogonal wavelet bases is possible; see 2, 8, 9 . In 8 , the
authors have given an interesting and efficient method for the construction
of nonseparable multidimensional and compactly supported biorthogonal
wavelet bases. Their method starts with a filter of an n-D fundamental and
compactly supported refinable function. Then an iterative process is ap-
plied to generate a smoother and compactly supported n-D biorthogonal
wavelet basis. In this work, we prove that, for a given integer n 2, it is
˜ nŽ . Ž .possible to construct dual scaling functions  x , x and the 2  1
i ˜ i nŽ . Ž .dual wavelets  x , x , i 1, 2  1. The design technique is de-jk jk
scribed as follows. An adapted McClellan transformation is used to pro-
Ž .vide us with two-band n-D low-pass wavelet filters H  ,  , . . . ,  ,0 1 2 n
˜ Ž .H  ,  , . . . ,  . Next, a choice of n 1 matrices D , i 1, n 1 is0 1 2 n i
Ž . nmade in such a way that if  denotes the point  ,  , . . . ,   R and1 2 n
D  I is the identity matrix, then0 n
n1
H   H D D  D D  andŽ . Ž .Ł0 0 k k1 1 0
k0
n1
˜ ˜H   H D D  D D Ž . Ž .Ł0 0 k k1 1 0
k0
˜Ž . Ž .give rise to the scaling functions  x , x and consequently to a
2Ž n.biorthogonal multiresolution analysis of L R . Since the n-D filters are
generated from their 1-D counterparts, we show that the main properties
of the constructed multidimensional wavelets are easily deducible. Once
the scaling functions have been constructed, one is faced with the problem
n i ˜ iŽ . Ž .of designing the 2  1 dual wavelets  x ,  x . This last problem is
difficult to solve in general. However, in our case it will be shown that for
arbitrary dimension n one can explicitly construct these dual wavelets.
Note that the wavelet filters H constructed in this work can be used by0
 the method given in 8 and can generate other examples of n-D biorthog-
onal wavelet bases.
This work is organized as follows. In Section 2, we describe the tech-
nique by which one can design n-D filters or masks, candidates for
generating biorthogonal scaling functions and the corresponding dual
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wavelet basis. In Section 3, we check the stability of the dual wavelet
frames generated by the n-D dual filters of Section 2. This is done by
estimating the pointwise decay of the Fourier transforms of the mother
scaling functions. In Section 4, we investigate the use of the transition
operator based sharper method for checking the stability of our expected
n-D nonseparable dual wavelet basis. In particular, we show how to
explicitly construct a finite dimensional and simple subspace which is
invariant under the action of such a transition operator. Finally, in Section
5, we illustrate the results of this paper by giving some special construc-
tions in dimensions two and three.
Ž .It will be convenient to let  denote the point  ,  , . . . ,  ,  1 2 n n
Ž . n , , . . . ,  R , and D be the identity matrix I . Finally, note that0 n
the wavelets to be considered in this work are supposed to be real and
compactly supported.
2. DESIGN OF n-DIMENSIONAL DUAL WAVELET FILTERS
2.1. Definitions
In this section we provide the reader with some definitions which will be
used frequently in this work.
DEFINITION 1. A matrix D Z nn is said to be a dilation matrix if all
its singular values  , i 1, . . . , n, are larger than 1.i
 The multiresolution analysis concept 12, 13 plays a major role in the
design of wavelets. The biorthogonal version of this concept is given as
follows.
DEFINITION 2. A biorthogonal multiresolution analysis is a pair of
2 n ˜Ž . Ž . Ž .decreasing sequences of subspaces of L R , V , V . Each sequencej j j j
satisfies the following two properties:
Ž . 	 2Ž n. 	  4P  V is dense in L R and  V  0 ;1  j  j
Ž . 2Ž n. Ž . Ž .P  f L R and  j Z, f x  V  f 2 x  V .2 j	1 j
Furthermore,
˜ ˜Ž . Ž . Ž .P there exist two scaling functions  x  V ,  x  V such3 0 0
˜ nŽ . Ž .that the sequences  x k , x k , k Z , give rise to a biorthogo-
nal basis of V .0
 The McClellan transformation 6 is an important ingredient in the
proposed design scheme. This transformation can be defined as follows.
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Ž . N Ž .DEFINITION 3. Let h  Ý  cos m , ,   R, be the fre-m0 m m
quency response of a 1-D zero-phase filter and let T be the mth degreem
Ž .Chebyshev polynomial. If F  ,  , . . . ,  denotes a frequency response1 2 n
Ž .of an n-D zero phase filter, then the McClellan transformation M h ofF
Ž .h  is defined by
N
M h H    T F  ,  , . . . ,  .Ž . Ž . Ž .ÝF 0 m m 1 2 n
m0
Finally, the following definition will be used frequently in this paper.
 4nDEFINITION 4. Define a set E by E 0, and let 	 be an elementi
of E; if 	    	 , then 	 is said to be symmetric of 	 in E and isj n i j i
denoted by 	 s. A subset A of E is said to be symmetric if 	 A, 	 s A.i
2.2. Design of n-Dimensional Low-Pass Dual Waelet Filters
Ž . Ž .Using properties P , P of the multiresolution analysis, one concludes2 3
Ž .that the scaling function  x has to satisfy the dilation equation
 x    2 x k . 2.1Ž . Ž . Ž .Ý k
nkZ
By taking the Fourier transform from both sides of the previous equation,
we conclude that
 
ˆ   H , 2.2Ž . Ž .Ł 0 jž /2j1
Ž . i k  nnwhere H  Ý  e denotes the 2 -band low-pass wavelet0 k Z k
filter. Consequently, to construct compactly supported n-D scaling func-
tions, it is necessary to design finite-length low-pass filters satisfying some
conditions. In our case, the first part of the design process involves the
construction of a two-band n-D low-pass wavelet filter. The construction
of such filters is done using McClellan transformation with the appropriate
transfer function,
n1
F  ,  , . . . ,   cos  .Ž . Ž .Ý1 2 n in i1
Ž .As a result, we construct two-band low-pass wavelet filters H  ,0
˜ Ž .H  , satisfying0
˜ ˜ nH  H  	H 	  H 	   1,  R . 2.3Ž . Ž . Ž . Ž . Ž .0 0 0 n 0 n
COMPACTLY SUPPORTED BIORTHOGONAL WAVELETS 371
More details on this construction can be found in the following proposition
which is a trivial generalization to the multidimensional case of the 2-D
 McClellan transformation used in 4 . Note that the proof of this proposi-
tion is straightforward.
˜Ž . Ž .PROPOSITION 1. Let h  , h  be 1-D waelet filters satisfying
pN 
h    cos m  cos P cos  ,Ž . Ž . Ž .Ý m Npž /2m0
N p˜˜ ˜h    cos m  cos P cos  ,Ž . Ž . Ž .˜ ˜Ý m Np˜ž /2m0
˜ ˜h  h  	 h 	  h 	   1,  R . 2.4Ž . Ž . Ž . Ž . Ž .
˜Ž . Ž .Define H  , H  by0 0
N n1
H    T cos  ,Ž . Ž .Ý Ý0 m m inm0 i1
N˜ n1
H˜    T cos  .Ž . Ž .˜Ý Ý0 m m inm0 i1
˜Then H and H are written in the forms0 0
pn1  i2H   cos F  , . . . ,  ,Ž . Ž .Ý0 1 1 nž /n 2i1
p˜n1  i2˜ ˜H   cos F  , . . . ,  .Ž . Ž .Ý0 1 1 nž /n 2i1
˜Ž . Ž .Moreoer, the couple H , H is a solution of 2.3 .0 0
Notation. The scaling function associated with the two-band wavelet
Ž . Ž .filter H  will be denoted by 
  . It is defined through its Fourier0
transform by
 

ˆ   H . 2.5Ž . Ž .Ł 0 jž /2j1
Remark 1. It is important to mention that the number of zeros at  of
the one-dimensional wavelet filter is unchanged under the McClellan
transformation. As will be seen later, this property is critical in our design
of smooth n-D wavelets.
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 It is well known 1, 7, 9, 13, 14 that in order to design dual scaling
functions of Definition 2, it is necessary to construct low-pass wavelet
˜filters H , H satisfying0 0
2n1
n˜H 	  H 	   1,  R , 2.6Ž . Ž . Ž .Ý 0 i 0 i
i0
n  4nwhere  , i 0, . . . , 2  1, are the different points of the set E 0, .i
Note that due to the increasing number of constraints, McClellan transfor-
Ž .mation cannot possibly generate low-pass filters that satisfy 2.6 . Hence,
  Ž .the method given in 4 cannot be used to solve Eq. 2.6 . Consequently, a
˜special technique is required in the design of H and H . A solution to this0 0
problem is given as follows:
For i 1, n 1, construct a matrix D  Z nn satisfying the followingi
three properties:
Ž . 1 Ž . Ž 1. Ž n.a   E,   E such that D  D  mod 2Z ,j j i j i j
Ž . 1 Ž . Ž .  b if    and    , then D  D  ,j j j j i j i j
Ž . Ž .c D D  D E is a symmetric subset of E.i i1 1
˜Define H , H by0 0
n1
H   H D D  D D  , 2.7Ž . Ž . Ž .Ł0 0 k k1 1 0
k0
n1
˜ ˜H   H D D  D D  . 2.7 Ž . Ž . Ž .Ł0 0 k k1 1 0
k0
Then the following proposition holds.
˜Ž . Ž . Ž .PROPOSITION 2. The pair of filters H , H gien by 2.7 and 2.7  is a0 0
Ž .solution of 2.6 .
Proof. We first arrange the set E as follows:  i 0, 2 n1  1, we let
1   n . Sincei 2 1i
D  D 1 ,   E,Ž . Ž .1 i 1 i i
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one concludes that
2 n1
˜H 	  H 	 Ž . Ž .Ý 0 i 0 i
i0
2 n11
s 1˜ ˜ H 	  H 	  	H 	  H 	 Ž . Ž . Ž . Ž .Ý 0 i 0 i 0 i 0 i
i0
n1
 H D D  D D 	 Ž .Ž .Ł 0 k k1 1 0 i
k0
˜H D D  D D 	 Ž .Ž .0 k k1 1 0 i
2 n11 n1
 H D D  D D 	 Ž .Ž .Ý Ł 0 k k1 1 0 i
k0i0
˜H D D  D D 	  .Ž .Ž .0 k k1 1 0 i
Ž . Ž . Ž .Using the fact that D , D , . . . , D satisfy conditions a , b , c , and2 3 n1
repeating the above factorization technique by use of the matrices D D ,2 1
D D D , . . . , D D . . . D , one easily concludes that3 2 1 n1 n2 1
2 n1
˜H 	  H 	 Ž . Ž .Ý 0 i 0 i
i0
˜H D D  D 	  H D D  D 	 Ž . Ž .Ž . Ž .0 n1 n2 1 0 0 n1 n2 1 0
	H D D  D 	  sŽ .Ž .0 n1 n2 1 0
˜ sH D D  D 	   1.Ž .Ž .0 n1 n2 1 0
A concrete example of a set D , i 1, n 1, is given as follows. For ii
between 1 and n 1, consider the matrix D whose action on the usuali
Ž . nbasis e of R is given byj j1, n
D e  e , if k i , i	 1,Ž .i k k
D e  2k	 1 e 	 2 l	 1 e andŽ . Ž . Ž .i i i i	1
D e  2 pe 	 2 qe , k , l , p , q Z.Ž .i i	1 i i	1
Ž .The set D clearly satisfies properties a, b, and c.i i
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In most of the applications, one needs a basis of W  V 
V , the0 0 1
complement of V in the subspace V , where V and V are given by1 0 0 1
n iŽ .Definition 2. It is known that a set of 2  1 mother wavelets  x is
 needed to construct the basis of W in the orthonormal case 7 . A similar0
result holds in the n-D biorthogonal case. In this case, one needs to
n i ˜ iŽ . Ž .construct a set of 2  1 dual mother wavelets  x , x . The con-
struction of the high-pass filters that generate these dual wavelets is the
subject of the next section.
2.3. Construction of n-Dimensional High-Pass Dual Waelet Filters
 It is well known 1, 7, 9, 13 that by using a standard technique based on
Fourier transform, one concludes that to design the different mother
i ˜ i n nŽ . Ž .wavelets  x ,  x , i 1, 2  1, it is necessary to design 2  1 dual
˜high-pass wavelet filters H , H . These high-pass filters together with thei i
˜previously defined filters H , H have to satisfy the equations0 0
2 n1
˜ H 	  H 	    , 2.8Ž . Ž . Ž .Ý j i j i j j
i0
  Ž .where   0 if j j and if j j . Here the  denote the differentj j i i
 4n Ž .points of the set E 0, . Note that Eq. 2.8 can be written in the
matrix form
˜ ˜ ˜ nH  H 	   H 	 Ž . Ž . Ž .0 0 1 0 2 1
˜ ˜ ˜ nH  H 	   H  Ž . Ž . Ž .1 1 1 1 2 1
. . .. . .. . .
˜ ˜ ˜n n n nH  H 	   H 	 Ž . Ž . Ž .2 1 2 1 1 2 1 2 1
nH  H   H Ž . Ž . Ž .0 1 2 1
nH 	  H 	   H 	 Ž . Ž . Ž .0 1 1 1 2 1 1
n  I .. . . 2. . .. . .
n n n nH 	  H 	   H 	 Ž . Ž . Ž .0 2 1 1 2 1 2 1 2 1
Under the previous notations, the different mother wavelets  i, i
1, 2 n  1, are given via their Fourier transforms by
ˆ i ˆ 2  H    . 2.9Ž . Ž . Ž . Ž .i
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ˆ i n Ž .Similar formulae hold for  , i 1, 2  1. In general, solving Eq. 2.8 is
a difficult problem. In our case, this problem is considerably simplified due
˜to the cascade structure of the low-pass wavelet filters H , H . A solution0 0
Ž .to 2.8 is given by the following proposition.
˜PROPOSITION 3. Let H and H , be the waelet filters of Proposition 1.0 0
Let D , D , . . . , D be the dilation matrices of Section 2. Define two filters1 2 n1
˜H and H by1 1
i 1 ˜ ˜ i 1H   e H 	  and H   e H 	  .Ž . Ž . Ž . Ž .1 0 n 1 0 n
˜If H , H are the filters defined byi i
n1
i iH    H D D . . . D  	 1  H D D . . . D  ,Ž . Ž . Ž .Ž .Łi j 0 j j1 0 j 1 j j1 0
j1
n1
i i˜ ˜ ˜H    H D D . . . D  	 1  H D D . . . D  ,Ž . Ž . Ž .Ž .Łi j 0 j j1 0 j 1 j j1 0
j0
Ž i i i .  4n Ž .nwhere  ,  , . . . ,  are the different points of 0, 1 
 0, 0, . . . , 0 ,0 1 n1 i1, 2 1
˜ n Ž .then H , H , i 1, 2  1, is a solution of 2.8 .i i
Proof. The proof is carried out by induction on the number of dilation
matrices used in the design process. Clearly, if only the identity matrix D0
˜ ˜has been used, then the family of filters H , H , H , and H is a solution0 1 0 1
Ž .of 2.8 . Assume that m dilation matrices have been used to design the set
m ˜mŽ . Ž .mH , H , a solution of 2.8 . We prove that by adding a dilationi i i0, 2 1
m	1 ˜m	1Ž . mmatrix D , the set of filters H , H , given by Proposi-m	1 i i i0, 2 1
Ž .tion 3, is also a solution of 2.8 . We first note that by adding an extra
matrix D , according to Proposition 3, the new filter H m	1 is givenm	1 i
either by
H m	1  H mH D D  D Ž .i i 0 m	1 m 1
or by
m	1 m ˜H  H H D D  D  .Ž .i i 0 m	1 m 1
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˜m	1Similar expressions hold for H . Consequently,i
2 m1
m	1 m	1 m	1 s m	1 s˜ ˜ H 	  H 	  	 H 	  H 	 Ž . Ž . Ž . Ž .Ý j i j i j i j i
i0
2 m11
m m m s m s˜ ˜  H 	  H 	  	 H 	  H 	 Ž . Ž . Ž . Ž .Ý j i j i j i j i
i0
˜ H D D  D  	 Ž .Ž .Ž0 m	1 m 1 0
H D D  D   Ž .Ž .Ž0 m	1 m 1 0
2 m1
m m
˜	 H 	  H 	 Ž . Ž .Ý j i j i
m1i2
m s m s
˜	H 	  H 	 Ž . Ž .j i j i
s˜ H D D  D  	 Ž .Ž .Ž0 m	1 m 1 0
sH D D  D  	  .Ž .Ž .Ž0 m	1 m 1 0
Using the induction hypothesis, the first terms of the previous two sums
are equal to   . Hence, the induction hypothesis holds for m	 1.j j
Consequently, the set of wavelet filters given by Proposition 3 is a solution
Ž .of 2.8 .
Remark 2. Once a high-pass wavelet filter
H    i e ik Ž . Ýi k
k
˜ iŽ .has been constructed, the corresponding wavelet  x is given by
 i x   i 2 x k .Ž . Ž .Ý k
k
˜ i nŽ .Similarly, we construct the dual wavelets  x , i 1, 2  1.
Remark 3. The reader can check that high-pass filters corresponding to
a biorthogonal multiresolution analysis with dilation matrix D D  Di i1 1
are easily obtained by a trivial modification of Proposition 3. Hence, our
construction can also be used to generate nonseparable n-D biorthogonal
wavelet bases with dilation matrix M D D  D , where i is anyi i i1 1
integer satisfying 1 i n 1.
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ˆ3. POINTWISE DECAY OF  AND STABILITY
Ž .It is important to mention that solving Eq. 2.8 does not ensure the
2Ž n.construction of a biorthogonal wavelet basis of L R . In fact, the
constructed mother wavelets have to generate a Riesz basis or equivalently
2Ž n.a stable basis of L R . In the special case of a biorthogonal wavelet
i ˜ i basis, it is shown in 3 that  , is a Riesz basis of biorthogonaljk jk
2Ž n.wavelets if there exists C 0 such that  f L R ,
2 n1
2 2i² :  f ,  C f , 3.1Ž .Ý Ý 2jk
ni1 jZ , kZ
2 n1 2 2i˜² :  f ,  C f . 3.1 Ž .Ý Ý 2jk
ni1 jZ , kZ
 In 2, 3 , the authors have shown that the above conditions are satisfied
˜if the translates of each dual scaling functions , are Riesz bases for
Ž . n Žthe subspace that they generate. Note that   k , k Z , is a Riesz or
.  stable basis if there exist two positive constants A B 0 10 such that
2
nˆB   k  A , a.e. in R . 3.2Ž . Ž .Ý
nkZ
The stability of the translates of general refinable functions has been
 extensively studied by many authors 3, 10, 11, 14 .
In this section, we give the first method that ensures the stability of the
n ˜ n ˜Ž . Ž .translates   k , k Z ,   k , k Z , where , are generated
˜from the n-D low-pass wavelet filters H and H of the previous section.0 0
This method is based on the pointwise decay of the Fourier transform of
 the dual scaling functions. By a generalization of Theorem 3.2 in 5 , it is
˜  Ž . Ž .shown in 9 that if the Fourier transforms of  x and  x satisfy the
inequalities
n4 n4˜2 2ˆˆ ˜      c 1	  ,    c 1	  , 3.3Ž . Ž . Ž .˜Ž . Ž .2 2
˜Ž . Ž .for some constants c, c and real numbers  ,  0, then  x , x give˜ ˜
2Ž n.rise to a stable biorthogonal wavelet basis of L R with dilation matrix
2 I . Based on this observation, we are required to estimate the decay ofn
ˆˆ ˜Ž . Ž .  and   . This estimate is to be done under the weak condition
 4that there exists n N
 0 such that0
ˆ ˆsup 
   sup 
  , 3.4Ž . Ž . Ž .
 Ž . Ž .2k n 2 k	1 n  2k n 2 k 	1 n 0 0 0 0
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ˆ  nŽ . Ž .where 
  is given by 2.4 and k, k are arbitrary points in N satisfying
 n Ž .k k  0. Here the order ‘‘ ’’ is defined on R by x x , . . . , x ;1 n
Ž . ny y , . . . , y  R ; and x y means that x  y ,  i 1, n. Note that1 n i i
Ž .the condition 3.4 will be used in the proof of Theorem 1.
Next, we define a subset S of Rn by
 S  2 k1 , . . . ,  2 k n 	  , . . . ,  ,Ž .Ž .1 n 1 n
   4where  i 1, n,   0, 2n  and   0, 1 . Under the above notation,i p i
we prove the following lemma which plays an important role in the decay
ˆ Ž .estimate of   .
LEMMA 1. Let  be an arbitrary point in S; then there exists a fixed
constant C satisfying
 n1  Ci2cos  . 3.5Ž .Ł Ý j 2ž /n 2  1	 j1 2i1
Proof. We first remark that
n1  i2cosÝ jn 2i1
n1  i2 1 sinÝ jn 2i1
n n1   n 1 i i i2 2 4 sin 1 sin 	 sinÝ Ýn 2 j j jž /i nÝ sin 2 2 2ji1 2 i1 i1
  n 1 n 2 2 n 4i i iÝ sin 1 sin Ý sinj j jŽ .i1 i12 2 n 2 1	 .  n 2 n 2 n 4i i iÝ sin Ý sin Ý sinj j ji1 i1 i12 2 2
3.6Ž .
We prove that the infinite product of the second term corresponding to
Ž .the right-hand side of 3.6 is bounded by a fixed constant c. To this end,
we first prove that there exists a fixed number of j’s such that for an
12 jŽ .arbitrary point  S, sin 2 is larger than . In other words, if we2
Ž .define the subset F  by
 1
2F   jN; sin  , i 1, . . . , n , 3.7Ž . Ž .j½ 522
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 Ž . then  S, F  is bounded by a fixed constant mN. Without loss
of generality, we may assume that   0, then  S implies that therei
k i  exists k  0 such that    2 	  ,   0, 2n  . If N , N are thei i i i i 0 1 2
integers given by
log n  log 2n 	 1 Ž . Ž .Ž .0 0
N  2	 	 1, N  1	 	 1,1 2log 2 log 2
 where x denotes the integer part of x, then some elementary computa-
tions show that if k N we havei 1
2  1i i2sin   , k  jN ,i 1j jž / 22 2
2  1i i2 k jisin   2 	  ,  j k 	N .i 2j jž / 22 2
Moreover, if k N , theni 1
2  1i i2 k jisin   2 	  ,  jN 	N .1 2j jž / 22 2
Consequently, there are at most N 	N  1 values of js for which1 2
12 jŽ .  Ž .  Ž .sin  2 can be larger than . Hence F   n N 	N  1 and wei 1 22
have
 1i2sin  ,  i 1, n and j F  .Ž .jž / 22
Thus
sin4  2 jŽ .i
0  1,  i 1, n and j F  .Ž .2 j 4 jsin  2  sin  2Ž . Ž .i i
Ž .It is well known that if x is an infinite sequence of real numbers suchj j
that for all j 1, x  1, then to prove that Ł x is bounded it isj j1 j
 Ž .enough to prove that Ý log x is also bounded. Consequently, to provej1 j
that
 n n nn 1   i i i4 2 41	 sin sin  sinŁ Ý Ý Ýj j jž /ž /n 2 2 2j1 i1 i1 i1
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is bounded, we have only to prove that
 n n nn 1   i i i4 2 4log 1	 sin sin  sinÝ Ý Ý Ýj j jž /ž /ž /n 2 2 2j1 i1 i1 i1
12 jŽ . Ž .is also bounded. Since sin  2  , j F  , theni 2
 n n nn 1   i i i4 2 4log 1	 sin sin  sinÝ Ý Ý Ýj j jž /ž /ž /n 2 2 2j1 i1 i1 i1
 n n nn 1   i i i4 2 4 sin sin  sinÝ Ý Ý Ýj j jž /ž /n 2 2 2j1 i1 i1 i1
 n n i i4 2 2 sin sinÝ Ý Ýj jž / ž /2 2j1 i1 i1
 n  i2 2 sin .Ý Ý jž /2j1 i1
Consequently,  S, we have
 n n nn 1   i i i4 2 4log 1	 sin sin  sinÝ Ý Ý Ýj j jž /ž /ž /n 2 2 2j1 i1 i1 i1
 n  i2 2 sin 	 n N 	N  1 .Ž .Ý Ý 1 2jž /2j1 i1
At this point, we need to show that for an arbitrary  S, the inequality
  i2sin  cÝ j2j1
holds for a fixed constant c. We may assume that   2 k i	  ,  i i i
 0, 2n  , k N . The case where    is treated in a similar way. We0 i 1 i i
are implicitly assuming that k N , if k N ; then the obvious changesi 1 i 1
 2Ž j.are left to the reader. By writing the infinite sum Ý sin  2 intoj1 i
four different sums,
N 1 k k 	N 1 1 i i 2   i i i i2 2 2 2sin  sin 	 sin 	 sinÝ Ý Ý Ýj j j j2 2 2 2j1 j1 jN jk 	11 i
  i2	 sin ,Ý j2jk 	Ni 2
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one concludes that
k i i i2sin  N  1 	 	 N  1Ž . Ž .Ý Ý1 2j jž /2 2j1 jN1
 2 ik ji	  2 	Ý jž /2jk 	Ni 2
 2 2  i i
 N 	N  2 	 	 	Ž . Ý Ý1 2 j j jž / ž /2 2 2j1 jN2
 2 4n2 	 4n 	 10 02 N 	N  2 	 4n 	  c.Ž .1 2 0 N 12ž /3 4
Note that the constant c appearing in the above inequality does not
depend on the given  , thusi
 n  i22 sin  2nc.Ý Ý j2j1 i1
Consequently,
 n n nn 1   i i i4 2 41	 sin sin  sinŁ Ý Ý Ýj j jž /ž /n 2 2 2j1 i1 i1 i1
 enŽ2 c	N1	N 21 . C .1
It remains to evaluate the infinite product of the left term corresponding
Ž .to the right-hand side of 3.6 . This is easily done as follows. Let k 1 be
a positive integer, then
k n n  i i i2 2 2sin 1 sin sinŁ Ý Ýj j jž /ž /2 2 2j1 i1 i1
k n n i i2 2 sin 4 sinŁ Ý Ýj1 jž /2 2j1 i1 i1
Ýn sin2 i1 i . 3.8Ž .2n 2 k 2 kÝ  2  sin  2Ž . Ž .i1 i i i
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Ž k .2 2Ž k .As k	, 2  sin  2  1, hencei i
 n n  i i i2 2 2sin 1 sin sinŁ Ý Ýj j jž /ž / ž /2 2 2j1 i1 i1
Ýn sin2  Ci1 i 2  . 3.9Ž .n 2 2Ý   1	 i1 i 2
Collecting everything together, we conclude that  S, we have
 n1  C Ci 1 22cos  .Ł Ý j 2ž /n 2  1	 j1 2i1
Ž .Once the above lemma has been established and under hypothesis 3.4 ,
the following theorem provides us with an easy way to estimate the decay
ˆ Ž .of   .
Ž . N Ž . Ž Ž ..2 p Ž .THEOREM 1. Let h   Ý  cos m  cos 2 P cos m0 m
Ž .be a low-pass waelet filter. Define an n-D low-pass waelet filter H  by0
Ž . N Ž . n H  Ý  T 1n Ý cos  . Let k 1 be a positie integer and0 m0 m m i1 i
define a real number  by
1kk1 n1
j sup P cos 2  . 3.10Ž .Ž .Ł Ý iž /n nj1R i1
Then
 n1 
ˆ   H D D  DŽ . Ł Ł 0 k k1 0 jž /2j1 k0
satisfies
Ž Ž . Ž ..n p log   2 log 22ˆ     C 1	  ,Ž . Ž .2
for some constant C.
ˆ Ž .Proof. We first note that since   is symmetric, then it is enough to
Ž . N ŽŽprove its decay in the region  0. Note that if Q  Ý  10 m
. n .m Ž . Ž . nn Ý cos  with Q 0  1, then Q  is differentiable on R ; more-i1 i
 Ž .   n  over, Q   1	 C  ,  R . In particular, if   1, then2 2 2
  jc   22Q  e  C.Ł Łjž /2j1 j1
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ˆ Ž .To estimate the decay of   , we first estimate the decay of the infinite
 Ž .product Ł H , where  is an arbitrary point of the set S. By using ajj1 0 2
result from Proposition 1, one concludes that
pn n1  1i2H   cos P cos  .Ž . Ý Ý0 iž / ž /n 2 ni1 i1
Ž .Define the function 
  by1
 n1  i

   P cosŽ . Ł Ý1 jž /n 2j1 i1
Ž .and consider the auxiliary function G  defined by
k1 n1
jG   P cos 2  .Ž . Ž .Ł Ý iž /nj0 i1
Let  be an arbitrary point of Rn; then there exist two positive integers
k, l such that
k l   kŽ l	1.2    2 .2
Ž .By writing 
  in the form1
l k  k2  2 

   G GŽ . Ł Ł1 j jž / ž /2 2j0 jl	1
 k j and using the fact that k l	 1, 2 2  1, one concludes that2
kl 2 

   c G .Ž . Ł1 1 jž /2j1
Since
1kk1 n1
jsup P cos 2    ,Ž .Ł Ý iž /n nj1R i1
then
kl 2 
kŽ l	1. k log   log 22G     Ł jž /2j0
log 2 log 22  c 1	  .Ž .22
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Consequently,
log 2 log 22 
   c c 1	  .Ž . Ž .21 1 2
Using the result of Lemma 1, one concludes that
p  n 1  i2H  cos 
 Ž .Ł Ł Ý0 1j jž / ž /n2 2j1 j1 i1
p	log 2 log 22  C 1	  .Ž .2
The extension of the above result to Rn is done as follows. Let  be an
n Ž . narbitrary positive point of R ; then there exists k k , . . . , k N and1 n
Ž .  4 1 1  , . . . ,  ,   0, 1 , such that   2 for some1 n i
n1 k k1 n    S   2 , . . . ,  2 	 0, 2n   S.Ž .k 1 n 0
Ž .By using inequality 3.4 as many times as is necessary, one concludes that
 

   sup 
 Ž . Ž .1 1
Sk
Ž .p	 log 2 log 22  sup c 1	 Ž .2
Sk
Ž .p	 log 2 log 22   c 1	  .Ž .2
Finally, if in the above inequality we substitute  by D D  D ,i i1 1
i 1n, one can easily conclude that
 
H D D  DŁ 0 i i1 0 jž /2j1
Ž .p	log  2 log 22   c 1	 D D  D Ž .2i i1 0
Ž .p	log  2 log 22 2     c 1	 D D  D Ž .2 2i i1 0
Ž .p	log  2 log 2  c 1	  .Ž .2i
Consequently, there exists a constant C such that
n1  
ˆ   H D D  DŽ . Ł Ł 0 i i1 0 jž /2i0 j1
Ž .n p	log 2 log 2  C 1	  . 3.11Ž . Ž .2
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Remark 4. Some techniques of the previous proof have been used
 previously in the 1-D case in 5 .
ˆ Ž .Remark 5. If  satisfies the inequality 3.11 , then  is r-Holder¨
log  1Ž .continuous, where r is any real number satisfying r 2n p  .2 log 2 2
Ž .Remark 6. Equation 3.10 can be easily checked numerically; conse-
ˆquently, Theorem 1 provides us with a way to estimate the decay of  and
ˆ˜. This method is particularly useful when the supports of the n-D wavelet
filters are large. In the case where the n-D wavelet filters have small
supports, the method of the next section gives us better results.
4. ANOTHER SUFFICIENT CONDITION FOR STABILITY
It is well known that the transition operator based method is a sharp
method for checking the stability of the translates of a given refinable
 function. The 1-D version of this method has been given in 3 and the n-D
   version has been given in 10 . Furthermore, in 14 , the author has
extended this method to the general case of refinable function vectors. In
 3 , the authors have given a necessary and sufficient condition that
ensures the biorthogonality and the Riesz basis property of the 1-D
compactly supported dual wavelets generated by the dual wavelet filters
˜Ž . Ž .h  and h  . This condition is related to the transition operators T0 0 h0
and T defined respectively byh˜0
2 2   
T f  h f 	 h 	  f 	  , 4.1Ž . Ž .h 0 0ž / ž / ž / ž /0 2 2 2 2
2 2   ˜ ˜T f  h f 	 h 	  f 	  . 4.2Ž . Ž .h˜ 0 0ž / ž / ž / ž /0 2 2 2 2
It is shown that if
˜N N2 2
in in˜E c e , E c e˜Ý Ýn n½ 5 ½ 5nN ˜nN1 1
˜are two stable sets under the action of T and T then h , h give rise to˜h h 0 00 0
Ž .a stable or Riesz basis of biorthogonal wavelets if and only if 1 is a simple
˜eigenvalue of the restriction on E and E of T and T , respectively. All˜h h0 0
 of the other eigenvalues have to be inside the unit circle. In 10 , the
authors have shown that this last result is still valid in the n-D situation.
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We should mention that unlike the 1-D case, the construction of
˜invariant subspaces E and E is no longer straightforward in the n-D case,
˜ n 2 4, 10 . It turns out that the n-D filters H and H of Section 2 have0 0
the advantage of providing us with explicit and simple invariant subspaces
of the associated n-D transition operators T and T . The following˜H H0 0
theorem gives us an invariant subspace of T .H0
Ž . N  n THEOREM 2. Let H  Ý  cos Ý m  be the0 m , . . . , m N m , . . . , m i1 i i1 n 1 n
Ž .n-D filter gien by 2.6 . Define the transition operator T byH0
n 22 1  
T f   H 	  f 	  ,Ž . Ž . ÝH 0 i iž / ž /0 2 2i1
Ž 1 n. nwhere   	 , . . . ,	 , i 0, 2  1, are the different points of the seti i i
 4n0, . Under the aboe notation, the set
n
 4E  span cos   ,   2 N , . . . , 2 NÝN i i i½ 5
i1
is an inariant set of T .H0
Ž .  n   4Proof. Let f   cos Ý   , for some   2 N, . . . , 2 N , ii1 i i i
1, n. Since
2 2 N n  i
H   cos m ,Ý Ý0 m , . . . , m iž / 1 n2 2m , . . . , m 2 N i11 n
then
2 n1 2 N
T f   Ž . Ž . Ý ÝH m , . . . , m0 1 n
j0 m , . . . , m 2 N1 n
n n i ii i cos m 	 	 cos  	 	 .Ý Ýi j i jž / ž /2 2i1 i1
Ž .Ž .Hence to prove that T f   E , it suffices to show that for a givenH N0
Ž .  4nm , . . . , m  2 N, . . . , 2 N , the sum1 n
n2 1 n n i ii iJ   cos m 	 	 cos  	 	Ž . Ý Ý Ýi j i jž / ž /2 2j0 i1 i1
belongs to E . To this end, we consider two cases:n
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First Case. We assume that  i 1, n, m    2Z. Then it is cleari i
that
n2 1 n1 m 	 i i iJ   cos  	 2	Ž . Ž .Ý Ý i jž /ž2 2j0 i1
n m  i i i	cos  	 2	Ž .Ý i jž / /2i1
n2 1 n n1 m 	  m  i i i i cos  	 cos   E .Ý Ý Ýi i Nž / ž /ž /2 2 2j0 i1 i1
 4Second Case. We assume that there exists i  1, 2, . . . , n such that0
m    2Z.i i0 0
Without loss of generality, we may assume that m is even and  is odd.i i0 0
Define two sets S and S by	 
S   , j 0, 2 n  1 such that	 j½
n n i iicos m 	 	  cos m ,Ý Ýi j iž / 52 2i1 i1
S   , j 0, 2 n  1 such that j½
n n i iicos m 	 	 cos m .Ý Ýi j iž / 52 2i1 i1
Note that since m is even, then S is written as S  S1 S2 , wherei 	 	 	 	0
S1   S ; 	 i0  0 , S2   S ; 	 i0   . 4  4	 j 	 j 	 j 	 j
1  1   2 Similarly, we write S  S  S 2. Since m is even, then S  S . It is   i 	 	0
easy to see that
  	1 , . . . ,	 n  S1 ,   	1 , . . . , 	 n  S2Ž . Ž .1 j 1 j 1 j 	 2 j 2 j 2 j 	
	 i  	 i ,  i i1 j 2 j 0
such that
i i0 0½ 	  0, 	   .1 j 2 j
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Moreover, since  is odd, theni0
n n i ii icos  	 	  cos  	 	 .Ý Ý Ý Ýi j i jž / ž /2 22 1i1 i1 S  Sj 	 j 	
It follows that
n n i ii iJ   cos m 	 	 cos  	 	Ž . Ý Ý Ý1 i j i jž / ž /2 2 S i1 i1j 	
n n i i i cos m cos  	 	Ý Ý Ýi i jž / ž /2 21 2i1 i1 S Sj 	 	
n n i i i cos m cos  	 	Ý Ý Ýi i jž / ž /ž2 21i1 i1 Sj 	
n  i icos  	 	  0.Ý i jž / /2i1
Similarly, one concludes that
n n i ii iJ   cos m 	 	 cos  	 	  0.Ž . Ý Ý Ý2 i j i jž / ž /2 2 S i1 i1j 
Ž . Ž . Ž .Consequently, J   J  	 J   0 E .1 2 N
ŽCollecting everything together, one concludes that for arbitrary m ,1
.  4n Ž .. . . , m  2 N, . . . , 2 N and f   E ,n N
n2 1 n  i ii iJ   cos m 	 	 f 	 	  E .Ž . Ý Ý i j j Nž / ž /2 2j0 i1
Ž .Ž .Hence, T f   E and consequently E is invariant under the actionH N N0
of T .H0
The following corollary shows that the invariant subspace E given byN
the above theorem can be reduced to a smaller invariant subspace.
2Ž . 2 N  n COROLLARY 1. Let H  Ý  cos Ý m 0 m , . . . , m 2 N m , . . . , m i1 i i1 n 1 n
and let E 1 be the subspace of E defined byN N
n
1 2E  span cos k  such that k k , . . . , k  supp H .Ž .Ýn i i 1 n 0½ 5
i1
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Then E 1 is stable under the action of T .N H0
Ž .  nProof. Since k k , . . . , k  2 N, 2 N , we have   0, then1 n k
k supp H 2. Consequently, E 1 is a subspace of E . Moreover, since0 N N
supp H 2 is symmetric with respect to the origin, then for all k, m0
2 n Ž . 2supp H , with k  m  2Z , we have k 	 m 2  supp H and0 0
Ž .k	m 2
supp H 2. Hence, by using the two cases given in the proof of the previous0
theorem, one concludes that E 1 is stable under the action of T .N H0
Finally, the following corollary provides us with an explicit formula for
computing the matrix corresponding to the restriction on E 1 of T .N H0
2Ž . 2 N  n COROLLARY 2. Let H  Ý  cos Ý m 0 m , . . . , m 2 N m , . . . , m i1 i i1 n 1 n
 n  1and let U  cos Ý k  be an arbitrary ector of the basis of E . Thenk i1 i i N
n
n1T U  2   J ,Ý ŁH k m k m , . . . , m mk0 i i 1 n
i12msupp H0
where
n nm 	 k m  ki i i i
J  cos  	 cos Ý Ýmk i iž / ž /2 2i1 i1
Ž .and   1 if m  k  0 mod 2 , and 0 otherwise.m k i ii i
Proof. The proof follows from the two cases given in the proof of the
previous theorem.
As we have already mentioned, if 1 is a simple eigenvalue of T and T ,˜H H0 0
1 ˜1restricted respectively to E and E , and all the other eigenvalues lieN N
˜inside the unit circle, then the filters H and H of Section 2 generate a0 0
 n-D biorthogonal wavelet basis. Finally, it is shown in 14 that the mother
scaling function  and the corresponding mother wavelets  i, i 1, 2 n
  Ž . 1, are r-Holder continuous  rlog   2 log 2  n2, where ¨ E EN N
is the largest eigenvalue different from 1 of T .H0
5. EXAMPLES
In this section, we provide the reader with three constructions that
illustrate the techniques and the results of this paper. The first two
examples deal with the construction of biorthogonal wavelet bases of
2Ž 2 .L R . The third shows how to apply our proposed scheme for the
2Ž 3.construction of a family of biorthogonal wavelet bases of L R .
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FIRST EXAMPLE. In this example, we give a trivial construction of the
2-D biorthogonal wavelet basis by applying the techniques of Section 2.
˜Ž . Ž .Let h  , h  be 1-D wavelet filters. We assume that the translates of0 0
˜ Ž .the associated dual scaling functions 
, 
 are stable. Let H  ,  ,0 1 2
˜ Ž .H  ,  be the 2-D filters given by0 1 2
˜ ˜H  ,   h  , H  ,   h  .Ž . Ž . Ž . Ž .0 1 2 0 1 0 1 2 0 1
˜Ž . Ž .It is clear that the couple H , H satisfies Eq. 2.3 . Next, consider the0 0
1 1  Ž . Ž .matrix D  . It is clear that D satisfies the conditions a  c of1 11 1
Section 2.2. Hence, by using Proposition 2, one concludes that the 2-D
˜wavelet filters H , H , given by0 0
H H w , w H D  ,   h  h    ,Ž . Ž . Ž . Ž .Ž .0 0 1 2 0 1 1 2 0 1 0 1 2
˜ ˜ ˜H  h  h    ,Ž . Ž .0 0 1 0 1 2
Ž .satisfy the equation 2.6 . Note that if  denotes the scaling function
generated by H , then we have0
ˆ ˆ ˆ  ,   
  
    .Ž . Ž . Ž .1 2 1 1 2
Since
2
ˆ  	 2 ,  	 Ž .Ý 1 2
 , Z
2 2ˆ ˆ 
  	 2 
    	 2  Ž . Ž .ŽÝ 1 1 2
 , Z
2 2ˆ ˆ 
  	 2  
    	 2Ž . Ž .Ý Ý1 1 2
Z Z
and since
2ˆc  
  	 2  c a.e. for some 0 c  c  ,Ž .Ý1 1 2 1 2
Z
then
2
2 2ˆc    	 2 ,  	   c , a.e.Ž .Ý1 1 2 2
 , Z
Consequently, the translates of  form a stable family. Similarly, one can
˜prove the same property for .
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SECOND EXAMPLE. This second construction starts by considering 2-D
˜Ž . Ž . Ž .wavelet filters H  ,  , H  ,  satisfying Eq. 2.3 . Moreover, we1 2 1 2
˜assume that H, H generate a 2-D biorthogonal wavelet basis with the
dilation matrix D of the previous example. This type of filter has been1
 designed in 4, 9 . The scaling functions associated with these filters are
given by

j
ˆ  ,   H D  ,  ,Ž . Ž .Ž .Ł1 2 1 1 2
j1

jˆ˜ ˜
  ,   H D  ,  .Ž . Ž .Ž .Ł1 2 1 1 2
j1
˜Moreover, we assume that the translates of 
 and 
 are stable. Proposi-
tion 2 tells us that the wavelet filters
H  ,  H  ,  H D  ,  ,Ž . Ž . Ž .Ž .0 1 2 1 2 1 1 2
˜ ˜ ˜H  ,  H  ,  H D  , Ž . Ž . Ž .Ž .0 1 2 1 2 1 1 2
Ž .satisfy Eq. 2.6 . Moreover, if  is the scaling function generated by H ,0
then we have
      1 2 1 2 1 2
ˆ  ,   H ,  H , H D ,Ž . Ł Ł1 2 0 j j j j j jž / ž / ž /ž /2 2 2 2 2 2j1 j1

2 j 2 j	1 ˆ H D  ,  H D  ,   
  ,  .Ž . Ž . Ž .Ž . Ž .Ł 1 2 1 2 1 2
j1
Hence the translates of  form a stable family. Similarly, we prove that
˜this last property is also satisfied by .
Note that the techniques used in this second example are not restricted
˜to the use of the starting dual filters H, H with the condition that the
corresponding scaling functions are stable. Moreover, the matrix D can1
Ž . Ž .be substituted by any other matrix that satisfies conditions a  c of
Section 2.2. However, in this general situation, the stability of the trans-
˜lates of  and  has to be tested by one of the methods given in Sections
3 and 4.
THIRD EXAMPLE. In this last example, we show how to use the pro-
posed scheme for the construction of the biorthogonal wavelet basis of
2Ž 3. ŽL R . We first use Proposition 1 and generate 3-D dual filters H  ,0 1
˜. Ž . Ž . ,  , H  ,  ,  satisfying Eq. 2.3 . Since n 3, we need to con-2 3 0 1 2 3
Ž . Ž .struct two matrices D and D satisfying the three conditions a , b , and1 2
ABDERRAZEK KAROUI392
Ž .c of Section 2.2. A possible choice of these matrices is given by
1 1 0 1 0 0
D  , D  .1 1 0 0 1 21 2
0 0 1 0 1 0
By using Proposition 2, one concludes that the 3-D filters given by
H  H  ,  ,  H D  ,  ,  H D D  ,  ,  ,Ž . Ž . Ž . Ž .Ž . Ž .0 0 1 2 3 0 1 1 2 3 0 2 1 1 2 3
˜ ˜ ˜ ˜H  H  ,  ,  H D  ,  ,  H D D  ,  , Ž . Ž . Ž . Ž .Ž . Ž .0 0 1 2 3 0 1 1 2 3 0 2 1 1 2 3
Ž .satisfy Eq. 2.6 . Finally, the stability of the translates of the resulting
scaling functions has to be tested by one of the methods given in Sections
3 and 4.
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